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ON QUATERNIONIC RIGID MEROMORPHIC COCYCLES
LENNART GEHRMANN
Abstract. Recently, Darmon and Vonk initialized the theory of rigid mero-
morphic cocycles for the group SL2(Z[1/p]). One of their major results is the
algebraicity of the divisor associated to such a cocycle. We generalize the
result to the setting of p-arithmetic subgroups of inner forms of SL2 over arbi-
trary number fields. The method of proof differs from the one of Darmon and
Vonk. Their proof relies on an explicit description of the cohomology via mod-
ular symbols and continued fractions, whereas our main tool is Bieri-Eckmann
duality for arithmetic groups.
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Introduction. In [4] Darmon and Vonk initialize the theory of p-adic singular
moduli for real quadratic fields. In this theory classical modular functions such
as the j-invariant are replaced by so-called rigid meromorphic cocycles. These are
SL2(Z[1/p])-invariant modular symbols with values in rigid meromorphic functions
on Drinfeld’s p-adic upper half plane. One of their first results (see Theorem 1 of
loc. cit.) states that the divisor of a rigid meromorphic cocycle is supported on
finitely many SL2(Z[1/p])-orbits of real quadratic points, i.e. points which generate
real quadratic extensions of Q. This highly suggests that rigid meromorphic cocyles
are the real quadratic analogue of Borcherds’ singular theta lifts of modular forms
of weight 1/2.
It is a natural question to ask whether this result is true in more general situ-
ations, e.g. one may replace the group SL2(Z[1/p]) by a p-arithmetic congruence
subgroup, consider arbitrary ground fields and inner forms of SL2. The proof of
Darmon and Vonk relies on rather rather explicit methods, i.e. they use explicit
generators of SL2(Z) to reduce the question to one about continued fractions. This
approach does not seem to generalize easily to a more general setup. The aim of
this note is to prove the algebraicity of divisors in the before mentioned general
situation by purely cohomological methods.
The statement becomes a bit more involved: the divisor of a rigid meromorphic
cocycle is still supported on finitely many orbits of quadratic points, i.e. points
that generate quadratic extension of the ground field. But their splitting behaviour
at infinity depends on the inner form of SL2 and the degree of cohomology we
are working with. For example, let us suppose that the ground F is totally real
and let {∞1, . . . ,∞d} be the set of Archimedean places of F . Assume that the
inner form of SL2 is split at ∞1, . . . ,∞r and non-split at ∞r+1, . . . ,∞d. Then,
the divisor of a meromorphic cocycle in middle degree cohomology is supported on
orbits of points, which generate quadratic extensions in which∞1, . . . ,∞r split and
1
2 L. GEHRMANN
∞r+1, . . . ,∞d do not. If we move beyond middle degree, quadratic extensions in
which ∞1, . . . ,∞r are non-split appear as well.
As a by-product of our results we notice the following surprising fact: if one
wants to generalize Darmon and Vonk’s theory of singular moduli one is forced to
work with totally real ground fields.
We hope that our more conceptual approach will pave the way to a generalization
of the theory to groups beyond SL2.
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Setup. We fix an algebraic number field F and a finite place p of F lying above
the rational prime p. Let Fp be the completion of F at p with ring of integers Op.
In addition, we fix a quaternion algebra B over F that is split at p. Let G be the
the group of elements of reduced norm one of B viewed as an algebraic group over
F and put Gp = G(Fp). We denote by PB the Brauer-Severi variety associated to
B, i.e for every field extension E/F we have
PB(E) = {I EB ⊗F E left ideal | dimE I = 2} .
It is a one-dimensional variety over F such that PB(E) 6= ∅ if and only if E is a
splitting field of B. In that case we can choose compatible non-canonical isomor-
phisms PB,E ∼= P1E and GE
∼= SL2,E. If B is already split, we will identify PB with
P1F and G with SL2,F .
Let r1(B) be the number of real places of F at which B is split and r2 the number
of complex places of F and put r = r1(B)+r2. Further, we put d = 2 ·r1(B)+3 ·r2.
This is the dimension of the symmetric space associated to G(F ⊗Q R).
1. The p-adic upper half plane
1.1. Divisors on the p-adic upper half plane. Let Cp be the completion of a
fixed algebraic closure of Fp. Let us remind ourselves that the p-adic upper half
planeHp associated to Fp is the rigid analytic space over Cp whose Cp-valued points
are given by
Hp(Cp) = P
1(Cp) \ P
1(Fp).
We will work with the following coordinate-free version: the p-adic upper half
plane HBp associated to GFp is the rigid analytic space over Cp such that
HBp(Cp) = PB(Cp) \ PB(Fp).
It is non-canonically isomorphic to Hp but carries a canonical action of the group
Gp.
Given a rigid analytic subvariety X ⊆ HBp we often also write X for the set of
Cp-valued points of X .
Given a subset X ⊆ HBp we denote by Div(X) the space of all maps from X to
Z with finite support. We define Div†(X) to be the space of locally finite divisors
on X that is the space of all maps D : X → Z such that for every affinoid subvariety
Y ⊆ HBp the restriction D|(X∩Y ) is an element of Div(X ∩ Y ).
Let T = (V , E) be the unoriented Bruhat-Tits tree of Gp, i.e.
• VT is the set of maximal orders of BFp and
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• there is an edge in ET connecting v, v′ ∈ V if and only if the intersection of
the corresponding orders is an Eichler order of level p.
We denote by red: HBp(Cp) → T the Gp-equivariant reduction map from the p-
adic upper half plane to the tree. Suppose D ∈ Div†(HBp) is a locally finite divisor
on HBp . Then D|red−1(v) (respectively D|red−1(e)) is an element of Div(red
−1(v))
(respectively Div(red−1(e))) for any vertex v (respectively edge e) of T . Given a
vertex v (respectively edge e) of T we denote its stabilizer by Kp,v (respectively
Kp,e).
Lemma 1. Let v and v¯ be two adjacent vertices with connecting edge e of T . There
exists a canonical isomorphism of Gp-modules:
Div†(HBp) ∼=Coind
Gp
Kp,v
Div(red−1(v))
⊕Coind
Gp
Kp,v¯
Div(red−1(v¯))
⊕Coind
Gp
Kp,e
Div(red−1(e)).
1.2. Functions on the p-adic upper half plane. In this section we recall well-
known facts about rigid analytic functions on HBp . Let M
∗ the group of rigid
meromorphic functions from HBp to Cp and A
∗ ⊆ M∗ the subgroup of invertible
rigid analytic functions. For a meromorphic function f ∈ M∗ and a point z ∈
HBp(Cp) the order of vanishing of f at z is denoted by ordz(f) ∈ Z. The map
Div : M∗ −→ Div†(HBp), f 7−→ [z 7→ ordz(f)]
is well-defined and Gp-equivariant with respect to the natural action on both sides.
Proposition 2. The sequence
0 −→ A∗ −→M∗ −→ Div†(HBp) −→ 0
is exact.
Proof. This is Proposition 2.2 of [10]. 
Let X ⊆ HBp be a subset. We define M
∗(X) ⊆ M∗ as the subgroup of those
functions whose divisor is supported onX . The following claim follows immediately
from the proposition above.
Corollary 3. The sequence
0 −→ A∗ −→M∗(X) −→ Div†(X) −→ 0
is exact.
We have the following description of the space of invertible rigid analytic func-
tions on HBp due to van der Put (see [9] or [5], I.8.9).
Proposition 4. There exists an exact sequence of Gp-modules:
0 −→ A/C∗p −→ C(ET ,Z) −→ C(VT ,Z) −→ 0.
Remark 5. The isomorphism of the space of invertible functions modulo constants
with a space of harmonic cochains on the Bruhat-Tits building has recently been
generalized by Gekeler to the case of Drinfeld’s upper half space in higher dimension
(see [6], Theorem 3.11).
The following lemma can be deduced from the fact that the Bruhat-Tits tree is
contractible.
4 L. GEHRMANN
Lemma 6. Let A be an abelian group equipped with the trivial action by Gp. There
is an exact sequence of Gp-modules:
0 −→ A −→ C(VT , A) −→ C(ET , A) −→ 0.
Remark 7. Let v and v¯ be two adjacent vertices of T with connecting edge e. For
every abelian group there are Gp-equivariant isomorphisms
C(ET , A) ∼= Coind
Gp
Kp,e
A
and
C(VT , A) ∼= Coind
Gp
Kp,v
A⊕ Coind
Gp
Kp,v¯
A.
2. Rigid meromorphic cocyles
2.1. Divisor valued cohomology classes. We define ∆0 as the kernel of the map
Z[P1(F )]→ Z,
∑
P
mPP 7→
∑
P
mP .
The SL2(F )-action on P
1(F ) induces an action on ∆0. Let Γ ⊆ G(F ) be an
arbitrary subgroup and A a Z[Γ]-module. If G is split, we put
Hic(Γ, A) = H
i−1(Γ,HomZ(∆0, A)).
If G is non-split, we simply set Hic(Γ, A) = H
i(Γ, A).
Let us fix a p-arithmetic congruence subgroup Γp ⊆ G(F ). The Γp-module
Div†(HBp) decomposes as follows
Div†(HBp) =
⊕
Γpx∈Γp\HBp
Div†(Γpx).
Since p-arithmetic groups are of type (VFL) by a theorem of Borel and Serre
(see [2]), the functor N 7→ Hi(Γp, N) commutes with direct limits (cf. [8], p. 101).
Therefore, the decomposition above induces a decomposition in cohomology:
Hic(Γ
p,Div†(HBp)) =
⊕
Γpx∈Γp\HBp
Hic(Γ
p,Div†(Γpx)).(2.1)
Definition 8. Let D ∈ Hic(Γ
p,Div†(HBp)) be a divisor-valued cohomology class. Its
support supp(D) is the union of all Γp-orbits Γpx ⊆ HBp such that the restriction
of D to Hic(Γ
p,Div†(Γpx)) is non-zero.
From the decomposition 2.1 we deduce that the support of a divisor-valued
cohomology class is always a finite union of Γp-orbits.
Given a subset X ⊆ HBp we define
Xqd = {x ∈ X | x is defined over a quadratic extension F (x)/F} .
The following lemma is probably a well-known statement. But since we could
not find it in the literature we included a proof.
Lemma 9. An element x ∈ HBp belongs to H
qd
Bp
if and only if the stabilizer G(F )x
of x in G(F ) has a non-torsion element. In that case we have:
(i) F (x) is a splitting field of B.
(ii) There exists an embedding F (x) →֒ B, which induces an isomorphism between
the group of norm one elements of F (x) and G(F )x.
(iii) The prime p is non-split in F (x).
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Proof. If x belongs to HqdBp , then by definition F (x) is a splitting field of B (and
p is non-split in F (x)). The Weil restriction of PB,F (x) from F (x) to F is a two-
dimensional F -variety, on which the three-dimensional F -algebraic group G acts al-
gebraically. (Note that PB,F (x) is non-canonically isomorphic to P
1
F (x).) Therefore,
the stabilizer Gx of x viewed as an F -algebraic group is at least one-dimensional.
Since by definition x is not an element of PB(F ), one deduces that Gx has to be
a non-split torus, which splits after base change to F (x). Thus, it is isomorphic
to the group of norm one elements in F (x) and, hence, the group G(F )x has a
non-torsion point.
Vice verse let us assume thatG(F )x has a non-torsion element γ. By construction
γ is neither unipotent nor an element of an F -split torus of G. Thus, the quadratic
extension F (γ) ⊆ Bgenerated by γ is a splitting field of B. Hence, γ is a non-
torsion element inside a split torus inside GF (γ) ∼= SL2,F (γ). It is easy to see (for
example by conjugating to the diagonal torus) that for any field extension E/F (x)
the element γ has exactly two fixed points on PB(E) ∼= P1F (γ)(E) both of which are
defined over F (γ). 
Let X be a subset of HBp and x an element of X
qd. We write S∞,sp(x) for the
set of Archimedean places of F which split in F (x). Since F (x) can be embedded
into B, it follows that S∞,sp(x) is a subset of those Archimedean places at which
B is split. In particular, we have |S∞,sp(x)| ≤ r = r1(B) + r2. For an integer
s ≥ s′ ≥ 1 we define
Xqd,s =
{
x ∈ Xqd | |S∞,sp(x)| = s
}
and
Xqd,[s
′,s] =
{
x ∈ Xqd | |S∞,sp(x)| ∈ [s
′, s]
}
.
Proposition 10. Let Γp ⊆ G(F ) be a p-arithmetic congruence subgroup.
(i) Let s ≥ 1 be an integer and D ∈ Hd−sc (Γ
p,Div†(HBp)) a divisor-valued coho-
mology class. We have
supp(D) ⊆ H
qd,[s,r]
Bp
.
In particular, Hic(Γ
p,Div†(HBp)) = 0 for i < d− r = r1(B) + 2 · r2.
(ii) We have
Hd−rc (Γ
p,Div†(HBp)) ∼=
⊕
Γp\Hqd,r
Bp
Z.
(iii) In the range d − r ≤ i ≤ d − 1 the torsion-free part of Hic(Γ
p,Div†(HBp)) is
free of countably infinite rank.
Proof. The group Γp has a torsion-free, normal subgroup of finite index. By ap-
plying the Hochschild-Serre spectral sequence all claims can be deduced from the
next lemma. 
Lemma 11. Assume Γp is torsion-free. The natural map
Hd−sc (Γ
p,Div†(H
qd,[s,r]
Bp
)) −→ Hd−sc (Γ
p,Div†(HBp))
is an isomorphism for every s ≥ 1. Moreover, there exists an up to sign canonical
isomorphism
Hd−sc (Γ
p,Div†(Γpx)) = Λs(Zt)
for every x ∈ Xqd,t, 1 ≤ t ≤ r.
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Proof. All claims are vacuous if d = 0. Thus, we may assume that d ≥ 1. In that
case strong approximation for simply connected groups implies that Γp is dense in
Gp. So for every vertex v of T we have an isomorphism
Coind
Gp
Kp,v
Div(red−1(v)) ∼= CoindΓ
p
Γv Div(red
−1(v)),
where Γv is the intersection of Γ
p with Kp,v. An analogous statement holds for
edges e of T . By Shapiro’s Lemma for cohomology combined with Lemma 1 the
claim can be reduced to the next lemma. 
Lemma 12. Let Γ ⊆ G(F ) be a torsion-free arithmetic congruence subgroup and
X ⊆ Hp a Γ-stable subset. The natural map
Hd−sc (Γ,Div(X
qd,[s,r])) −→ Hd−sc (Γ,Div(X))
is an isomorphism for every s ≥ 1. Moreover, there exists an up to sign canonical
isomorphism
Hd−sc (Γ,Div(X
qd,t)) =
⊕
Γ\Xqd,t
Λs(Zt)
for every 1 ≤ t ≤ r.
Proof. By [1], Theorem 11.4.2, the group Γ is a Bieri-Eckmann duality group (see
for example [3], Chapter VIII.10, for more details on duality groups). If G is non-
split, the dualizing module of Γ is Z and its cohomological dimension is d. In the
case G is split, the dualizing module of Γ is ∆0 and its cohomological dimension is
d− 1. In any case, we have a canonical isomorphism
Hd−ic (Γ,M)
∼=
−→ Hi(Γ,M)
for every Z[Γ]-module M and therefore, in particular,
Hd−ic (Γ,Div(X))
∼= Hi(Γ,Div(X)).
Let us choose a representative x ∈ X of every Γ-orbit [x] = Γ.x in X and write Γx
for the stabilizer of x in Γ. Then, we have an isomorphism
Div(X) ∼=
⊕
[x]∈Γ\X
Z[Γx\Γ]
of Z[Γ]-modules, which by Shapiro’s Lemma for homology implies that
Hi(Γ,Div(X) ∼=
⊕
[x]∈Γ\X
Hi(Γ,Z[Γx\Γ])
∼=
⊕
[x]∈Γ\X
Hi(Γx,Z).
Thus, the higher cohomology vanishes if Γx is trivial.
Let us now assume that Γx is non-trivial. Since Γx is torsion-free, it follows that
G(F )x has a non-torsion element. Lemma 9 then implies that x is an element of
Xqd and the stabilizer G(F )x is isomorphic to the group of elements of relative
norm one in the quadratic extension F (x)/F . Thus, the group Γx = Γ ∩ G(F )x is
isomorphic to a torsion-free finite index subgroup of the elements of relative norm
one in the ring of integers of F (x). By Dirichlet’s unit theorem Γx is a free abelian
group of rank t = S∞,sp(x). The claims now follow by the standard computation
of the homology of free abelian groups. 
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2.2. Rigid meromorphic cocycles. We call an element J of Htc(Γ
p,M∗) a rigid
meromorphic cocycle of degree i (and level Γp).
The following theorem is a generalization of [4], Theorem 1 (see also Theorem
3.13 of loc. cit.).
Theorem 13. Let Γp ⊆ G(F ) be a p-arithmetic congruence subgroup.
(i) Let J be a rigid meromorphic cocycle of degree d − r. Then supp(Div(J)) is
a finite union of Γp-orbits in Hqd,rBp .
(ii) For every Γp-stable subset X ⊆ HBp the canonical map
Hd−rc (Γ
p,M∗(X)) −→ Hd−rc (Γ
p,M∗)
is injective. Its image consists of all rigid meromorphic cocycles J of degree
d− r with supp(Div(J)) ⊆ X. In particular, the map
Hd−rc (Γ
p,M∗(Hqd,rBp ))
∼=
−→ Hd−rc (Γ
p,M∗)
is an isomorphism.
(iii) The canonical map
Hic(Γ
p,A∗)
∼=−→ Hic(Γ
p,M∗)
is an isomorphism for all i < d− r = r1(B) + 2 · r2.
(iv) In the range d− r ≤ i ≤ d− 1 the quotient
Hic(Γ
p,M∗)/Hic(Γ
p,A∗)
has countably infinite Z-rank.
Proof. The first claim is an immediate consequence of Proposition 10 (i).
By definition we have a short exact sequence
0 −→M∗(X) −→M∗ −→ Div†(HBp \X) −→ 0.
By Proposition 10 (i) we get an exact sequence in cohomology
0 −→ Hd−r(Γp,M∗(X)) −→ Hd−r(Γp,M∗) −→ Hd−r(Γp,Div†(HBp \X))
This proves the second claim.
The third claim follows similarly by considering the long exact sequence associ-
ated to the short exact sequence of Proposition 2.
Via Proposition 4 and Lemma 6 one sees that Hi(Γp,A∗) is a torsion-module
for an appropriate Hecke-algebra (e.g. one takes the Hecke algebra generated by all
Hecke operators away from p, the ramification set of B and the primes q such that
Γp is not maximal at q.) But it can be easily checked that the torsion-free part of
the module Hic(Γ
p,Div†(HBp)) is torsion-free over the Hecke algebra. This implies
the last claim. 
Remark 14. Often one is only interested in projective meromorphic cocycles,
i.e. cohomology classes with values in M∗/C∗p. The space of projective meromor-
phic cocycles is very closely related to the space of divisor values cohomology classes:
using Proposition 4 one can deduce that Hic(Γ
p,A∗/C∗p) is finitely generated for all
i ≥ 0 and, thus, the map
Hic(Γ
p,M∗/C∗p) −→ H
i
c(Γ
p,Div†(HBp))
has finitely generated kernel and cokernel for all i ≥ 0.
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2.3. Rigid meromorphic singular moduli. Let Γp ⊆ G(F ) be a p-arithmetic
congruence subgroup and x ∈ Xqd,t a quadratic point. We assume for the moment
that the stabilizer Γpx of x in Γ
p is torsion-free and, thus, a free abelian group of
rank t. The point x defines a Γpx-equivariant map
fx : Z −→ Div(Γ
px) ⊆ Div(HBp)
and, therefore, a homomorphism
fx,∗ : Ht(Γ
p
x,Z) −→ Ht(Γ
p
x,Div(Γ
px)).
The homology group on the left hand side is isomorphic to Z. We define cx to be
the image of a generator. (Thus, cx is unique up to a sign.)
Now let J be an element of Htc(Γ
p,M∗(X)) for some Γp-stable subset X ⊆ HBp .
Let J˜ be the image of J in Ht(Γp,M∗(X)) and resx(J˜) its restriction to Γpx. If
x /∈ X , we can define the value of J at x as
J(x) = resx(J˜) ∩ cx ∈ C
∗
p.
The maximal t one may choose is r = r1(B)+ r2. But the divisor of a meromor-
phic cocycle of degree t is trivial unless t ≥ r1(B) + 2 · r2 by part (i) of Proposition
10. So, if one wants to consider rigid meromorphic singular moduli as in [4] one
is forced to assume that the field F is totally real. In that case, the interesting
- by which we mean genuinely meromorphic - cocycles, which we can evaluate at
quadratic points live in the middle degree cohomology, i.e. t = r = r1(B).
So let us assume that F is totally real. In that case we can define the value
J(x) for any J ∈ Hr(Γp,M∗) and any quadratic point x ∈ Xqd,r satisfying x /∈
supp(Div(J)): the torsion of the stabilizer group Γpx has order at most two. If
the torsion is non-trivial, we fix a torsion-free (and thus free abelian) subgroup
Hx ⊆ Γpx of index 2. Otherwise we simply put Hx = Γ
p
x. As before, we consider the
class cx ∈ Hr(Hx,Div(Γ
px)). By Theorem 13 (ii) we can view J as an element of
Hr(Γp,M∗(supp(Div(J)))). In particular, the value of J at x
J(x) = J˜ ∩ cx ∈ C
∗
p
is well-defined. If Γpx is torsion-free, then the set
{
J(x), J(x)−1
}
is independent of
the choice of generator. If Γpx is not torsion-free, then the set
{
J(x)2, J(x)−2
}
is
independent of all choices.
Remark 15. Analogues of the algebraicity conjecture (see [4], Conjecture 4.4) for
rigid meromorphic singular moduli in the case of quaternion algebras over totally
real number fields were formulated and numerically verified by Guitart, Masdeu and
Xarles (see their upcoming paper [7]).
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